In this article, a systematic and comprehensive approach based on finite element analysis and analytical modelling for studying static pull-in phenomena in hybrid levitation microactuators is presented. A finite element model of electromagnetic levitation micro-actuators based on the Lagrangian formalism is formulated and developed as a result of recent progress in the analytical calculation of mutual inductance between filament loops. In particular, the developed finite element model allows us to calculate accurately and efficiently a distribution of induced eddy current within a levitated micro-object. At the same time, this fact provides a reason for formulating the analytical model in which the distribution of the induced eddy current can be approximated by one circuit represented by a circular filament. In turn, both developed models predict the static pull-in parameters of hybrid levitation micro-actuators without needs for solving nonlinear differential equations. The results of modelling obtained by means of the developed quasi-finite element and analytical model are verified by the comparison with experimental results.
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Index Terms-micro-actuators, electromagnetic levitation, modelling, finite element method, pull-in, dynamics, stability. Greek symbols β dimensionless square voltage κ dimensionless parameter h/h l λ dimensionless displacement q 3 /h µ l damping coefficient (l = 1, 2, 3) (N s m −1 ) ν l damping coefficient (l = 1, 2, 3) (N s rad −1 ) ξ dimensionless parameter h l /(2R l ) Π potential energy (J) E LECTROMAGNETIC levitation micro-actuators employing remote ponderomotive forces, in order to act on a target environment or simply compensate a gravity force for holding stably a micro-object at the equilibrium without mechanical attachment, have already found wide applications and demonstrated a new generation of micro-sensors andactuators with increased operational capabilities and overcoming the domination of friction over inertial forces at the microscale [1] .
There are a number of techniques, which provide the implementation of electromagnetic levitation into a micro-actuator system and can be classified according to using materials and the sources of the force fields as follows: electric levitation (ELMA), magnetic levitation (MLMA) and hybrid levitation micro-actuators (HLMA). In particular, ELMA were successfully used as linear transporters [2] and in micro-inertial sensors [3] [4] [5] . MLAM can be further split into inductive (ILMA), diamagnetic (DLMA) and superconducting microactuators, which have found applications in micro-bearings [6] [7] [8] , micro-mirrors [9] , [10] , micro-gyroscopes [11] , [12] , micro-accelerometers [13] , bistable switches [14] and nanoforce sensors [15] .
In HLMA different force fields are combined, for instance, magneto-and electro-static, variable magnetic and electrostatic or magneto-static and variable magnetic fields, which make the main difference of HLMA from both ELAM and MLMA. In particular, capabilities of HLMA were demonstrated in applications as micro-motors [16] , [17] and microaccelerators [18] . A wide range of different operation modes such as the linear and angular positioning, bistable linear and angular actuations and the adjustment of stiffness components of a levitated micro-disc were demonstrated and 
Conducting micro-object Wire loops Fig. 1 . The generalized scheme of electromagnetic levitation system, in which a conducting micro-object is levitated by a system of arbitrary shaped wireloops with ac currents: X 1 X 2 X 3 is the fixed coordinate frame with the corresponding unit vectors e 1 , e 2 , and e 3 , respectively; g is the gravity acceleration vector directed along the X 3 -axis; x 1 x 2 x 3 is the coordinate frame assigned to object principal axes with the origin at its centre of mass (cm); i j is the current in the j-wire loop.
experimentally studied in the prototype reported in [19] . In this prototype, the stiffness components were adjusted by changing an equilibrium position of the inductively levitated disc along the vertical axis. Recently, the novel HLMA, in which the electrostatic forces acting on the bottom and top surfaces of the inductively levitated micro-disc keep its equilibrium position and at the same time decrease a vertical component of stiffness by means of increasing the strength of electrostatic field, was presented in [20] , [21] . A concept of this actuator for an application as a linear micro-accelerometer was proposed in [22] . Thus, HLMA establish a promising direction for further improvement in the performance of micro-sensors and -actuators. As seen, the electrostatic actuation is one of the main principles applied in HLMA to a passively levitated microobject (proof mass) for the adjustment of their static and dynamic characteristics. Simultaneously, electrostatic forces acting on the levitating micro-object restrict its range of stable motion by pull-in instability. Moreover, due to the fact that the spring constant created by a magnetic contactless suspension of HLMA has a nonlinear dependence on displacements, hence the pull-in phenomenon in HLMA cannot be described and characterized by the classic pull-in effect occurring in the spring-mass system with electrostatic actuation [23] .
Another obstacle for analysing HLMA arises due to the fact that the description of electromagnetic levitation requires the application of the Maxwell equations. Although, these equations are universally applicable, but their application even for simple designs is extremely difficult task [24] . Even these designs are studied numerically by using commercially available software, this task is still a challenge [25] [26] [27] [28] , which is not able to cover all aspects including stability or stable levitation and nonlinear dynamical response [29] .
In this work, in order to avoid having a deal with field equations, the quasi-finite element model (quasi-FEM) of HLMA based on the Lagrangian formalism is developed. The mathematical formulation of this developed quasi-FEM becomes possible due to the recent progress in analytical calculation of mutual inductance between filament loops [30] , [31] and the technique proposed in [32] , which was then generalized in [33] , [34] , where the induced eddy current into a levitated micro-object is considered as a finite collection of meddy current circuits. The quasi-FEM helps us to support the mathematical reasoning of applicability of analytical modeling for, in particular, in axially symmetric designs of HLMA to study static pull-in instability. Although, the analytical model has some restrictions in application because of made assumptions in comparing with the quasi-FEM, which is universally applicable. However, arising some particular cases, discussing in this work, due to designs of HLMA can be very accurately treated by the analytical model presenting a solution in simple analytical forms, which are convenient and very efficient for the practical application. The general advantage of both models is that they predict the static pull-in parameters of HLMA without needs for solving nonlinear differential equations. The results of modeling obtained by means of the developed quasi-finite element and analytical model are verified by the comparison with experimental results.
II. QUASI-FINITE ELEMENT MODEL
Let us consider a general design configuration of an electromagnetic levitation system as shown in Fig. 1 , which consists of N -arbitrary shaped wire loops and a levitated cunducting object. Each j-th wire loop is fed by its own ac current denoted by i cj with the index corresponding to the index of the wire loop. The set of wire loops generates the alternating magnetic flux passing through the levitated object. In turn, the eddy current is induced within the conducting object. Force interaction between induced eddy current and currents in wire loops provides the compensation of the gravity force acting on the conducting object along X 3 -axis of an inertial frame {X k } (k = 1, 2, 3) and levitates then it sably at an equilibrium position. Assuming that the levitated object is a rigid body, then its equilibrium position can be defined through the six generalized coordinates corresponding to the three translation coordinates and three angular ones with respect to the fixed frame {X k } (k = 1, 2, 3) with the vector base e X = [e X 1 , e X 2 , e X 3 ] T , where e X k (k = 1, 2, 3) are unit vectors of e X . (The notations are adopted from the book of J. Wittenburg [35] , which provide clearly distinguish between a vector, a base, and a matrix).
In order to specify these six generalized coordinates, the coordinate frame {x k } (k = 1, 2, 3) with the base e x and corresponding unit vectors e x k (k = 1, 2, 3) is rigidly attached to the levitated object, in such a way, that its origin is located at the centre of mass of the object as shown in Fig. 1 . Also, axes of the coordinate frame {x k } (k = 1, 2, 3) coincide with principal axes of inertia of the micro-object. The translational position of the micro-object cm with respect to the fixed frame is characterized by the vector q = [q 1 , q 2 , q 3 ] T and the angular one by the Brayn angles (Cardan angles) denoted as ϕ k (k = 1, 2, 3). Thus, both vectors, namely, q and ϕ can be considered as independent generalized coordinates of mechanical part of the electromagnetic levitation system. Now let us assume that the condition of quasistationarity is hold [36, page 7], [37, page 493], hence induced eddy current within the micro-object can be represented by nelectric circuits (finite elements), each of them consists of the inductor and resistor connecting in series [34] . Meshing the levitated micro-object by n-elements having the circle shape of the same radius as shown in Fig. 2 , we denote i k (k = 1, 2, . . . , n) as the induced eddy current corresponding to the k-element, which can be represented as the generalized velocities of electromagnetic part of the levitation system. The linear position of s-circular element with respect to the coordinate frame {x k } (k = 1, 2, 3) is defined by the vector (s) ρ, but the angular position of the same element is determined by Brayn angles, namely, (s) 
Adapting the generalized coordinates and the assumptions introduced above, the model can be written by using the Lagrange -Maxwell equations as follows
where L = K − Π + W m is the Lagrange function for the micro-object-coil system; K = K(q,φ) is the kinetic energy of the system; Π = Π(q, ϕ) is the potential energy of the system; W m = W m (q, ϕ, i c1 , . . . , i cN , i 1 , . . . , i n ) is the energy stored in the electromagnetic field; Ψ = Ψ(q,φ, i 1 , . . . , i n ) is the dissipation function; F l and T l (l = 1, 2, 3) are the generalized forces and torques, respectively, acting on the microobject relative to the appropriate generalized coordinates. The kinetic energy is
where m is the mass of the micro-object; J l (l = 1, 2, 3) are principal moments of inertia of the micro-object; ω l = ω l (ϕ,φ) (l = 1, 2, 3) are the components of the vector ω of angular velocity of the micro-object relative to the fixed coordinate frame. According to Fig. 1 , the potential energy can be defined simply as follows
The dissipation function is
where µ l and ν l (l = 1, 2, 3) are the damping coefficients; R is the electrical resistance of the element. The energy stored within the electromagnetic field can be written as where L c jj is the self-inductance of the j-wire loop; L c js , j = s is the mutual inductance between jand s-coils;
is the mutual inductance between the k-circular element and the j-wire loop.
As it was shown in works [34] , [38] upon assuming quasistatic behavior of the micro-object, the induced eddy currents i k (k = 1, . . . , n) in circular elements can be directly expressed in terms of coil currents i cj (j = 1, . . . , N ). Also, assuming that for each coil, the current i cj is a periodic signal with an amplitude of I cj (in general the amplitude is assumed to be a complex value) at the same frequency f , we can write
Then, the k− eddy current can be represented as i k = I k e f t , where I k is the amplitude. Hence, according to [34] , [38] first n equations of set (1) can be solved and the induced eddy current per circular element becomes a solution of the following set of linear equations
Combining the set (6) with the last six equations of (1) the quasi-finite element model of inductive levitation system is obtained. Thus, the obtained quasi-FEM is the combination of finite element manner to calculate induced eddy current and the set of six differential equations describing the behavior of mechanical part of electromagnetic levitation system. Based on the proposed quasi-FEM the following procedure for the analysis and study of induction levitation microsystems can be suggested. At the beginning, the levitated micro-object is meshed by circular elements of the same radius, R e , as shown in Fig. 2 , a value of which is defined by a number of elements, n. The result of meshing becomes a list of elements { (s) C = [ (s) ρ, (s) φ] T } (s = 1, . . . , n) containing information about a radius vector and an angular orientation for each element with respect to the coordinate frame {x k } (k = 1, 2, 3). Now a matrix corresponding to the left side of equation (6) can be formed as follows
where E is the (n × n) unit matrix, M o is the (n × n)symmetric hollow matrix whose elements are L o ks (k = s). The self-inductance of the circular element is calculated by the known formula for a circular ring of circular cross-section
where µ 0 is the magnetic permeability of free space, ε = th/(2R e ), th is the thickness of a mashed layer of microobject. It is recommended that the parameter ε is selected to be not larger 0.1. Elements of the M o matrix, L o ks (k = s) can be calculated by the formulas developed in works [30] , [31] . Using the list of elements
with the corresponding base (j) e z . The linear and angular position of { (j) z k } (k = 1, 2, 3) with respect to the fixed frame {X k } (k = 1, 2, 3) is defined by the radius vector (j) r X c and the Brayn angles (j) φ c (j = 1, . . . , N ), respectively. Knowing a projection of the j-coil filament loop on the (k) y 1 -(k) y 2 plane of the kcircular element, the Kalantarov-Zeitlin method [31] can be used in order to calculate the mutual inductance. Hence, the (n × N ) matrix M c consisting of elements of the mutual inductance M kj can be obtained. The induced eddy current in each circular element is a solution of the following matrix equation
where I is the (n × 1) matrix of eddy currents and
Finally, substituting the eddy current I into the stored electromagnetic energy (5) the ponderomotive forces acting on the levitated object can be found as the first derivative of the stored electromagnetic energy with respect to the generalized coordinates of mechanical part. Thus, in a matrix form we can write as levitation and electrode structure to generate electrostatic force acting on the bottom surface of the levitated micro-disc. In particular, such the design was implemented into the prototype of HLMA, which is shown in Fig. 3a ) and was studied experimentally in works [19] , [39] . Two coaxial solenoidal microcoils of the coil structure was fabricated on the pyrex substrate and were excited by ac current having a frequency of 10 MHz. The diameters of the two coils shown in Fig.  3b ), namely, levitation and stabilization one were 2000 µm and 3800 µm, respectively. The inner (levitation) coil had 20 windings and the outer (stabilisation) coil had 12 windings of a gold wire with a diameter of 25 µm. The coil structure was covered by the electrode structure fabricated on a Si wafer. According to the design, the electrodes were located above the coil post at a height of 25 µm. In order to carry out the pull-in actuation of the disc, electrodes 1 and 2, having the same area, A e , of 8.0 · 10 −7 m 2 as shown in Fig. 3b ), were energized in a way that the disc was moved toward the electrode surface. The detailed results of the experimental studies and measurements of the pull-in actuation such as the pull-in voltage and displacement had been presented and discussed in [19] , [39] . In this paper, the pull-in mechanism in the considered design of HLMA is comprehensively studying theoretically by means of analytical modelling and numerical simulation based on the developed quasi-FEM.
IV. EDDY CURRENT SIMULATION
In this section a distribution of induced eddy current within a disc having a diameter of 2.8 mm levitated at height, h l , of 200 µm by the coil structure corresponding to the design of HLMA described above in Sec. III is simulated by the developed quasi-FEM. According to the proposed procedure, the disc is homogenously meshed by 3993 circular elements. A result of meshing is a map of the location of elements with respect to the coordinate frame {x k } (k = 1, 2, 3), the origin of which is placed at the centre of the disc, as shown in Fig. 8 . Modelling of linear pull-in actuation: a) scheme of HLMA based on the approximation of induced eddy current in the disc by two eddy current circuits with I 1 and I 2 currents corresponding to its maximum magnitudes; b) the map of magnetic field (blue arrows) and its corresponded gradient (black arrows) within the A area build on the X 3 -X 2 plane around the I 1 circuit (see Fig. 8a) ); c) the map of magnetic field and its corresponded gradient within the B area build on the X 3 -X 2 plane around the I 2 circuit (see Fig. 8a) ).
following structures, namely,
. . , n). Knowing { (s) C}, the L matrix can be calculated by Eq. (7). 3D geometry of two micro-coils is approximated by a series of circular filaments. Hence, depending on the number of windings, the levitation coil is replaced by 20 circular filaments, while the stabilization coil by 12 circular filaments. Thus, the total number of circular filaments, N , is 32. Assigning the origin of the fixed frame {X k } (k = 1, 2, 3) to the centre of the circular filament corresponding to the first top winding of the levitation coil, the linear position of the circular filaments of levitation coil can be defined as (j) r c = [0, 0, (j −1)·p] T , (j = 1, . . . , 20), where p is the pitch equaling to 25 µm. The same is applicable for stabilization coil, (j) r c = [0, 0, (j − 21) · p] T , with the difference that the index j is varied from 21 by 32. For both coils, the Brayn angle of each circular filament is (j) φ c = [0, 0, 0] T , (j = 1, . . . , 32). Accounting for the values of diameters of levitation and stabilization coils, 3D geometrical scheme of HLMA for eddy current simulation can be build as shown in Fig. 6 .
The position of the coordinate frame {x k } (k = 1, 2, 3) with respect to the fixed frame {X k } (k = 1, 2, 3) is defined by the radius vector r cm = [0, 0, h l ] T . Then, the position of the smesh element with respect to the coordinate frame { (j) z k } (k = 1, 2, 3) assigned to the j-coil filament can be found as (s,j) r = r cm + (s) ρ − (j) r c or in a matrix form as
x are the direction cosine matrices. Because all angles are zero, hence (j) A zx = (j) A zX = E, where E is the (3 × 3) unit matrix. Since the coils are represented by the circular filaments and using the radius vector (s,j) r, the mutual inductance between the jcoil and s-meshed element can be calculated directly by the formula presented in [31] . Thereby, the M c matrix can be formed. It is convenient to present the result of calculation in the dimensionless form. For this reason, the dimensionless currents in the levitation coil and stabilization one are introduced by dividing currents on the amplitude of the current in the levitation coil. Since the amplitudes of the current in both coil are the same. Hence, the input current in the levitation coil filaments are to be one, while in the stabilization coil filaments to be minus one. Now, the induced eddy current in dimensionless values can be calculated by Eq. (9) . In order to illustratively present the calculation result, the obtained (3993×1) eddy current matrix, I, is transformed into the (71 × 71) 2D matrix, I. Data in this (71 × 71) 2D matrix are allocated similarly to the structure corresponding to Fig. 4 . Then, the distribution along the disc surface of induced eddy current in mesh circular elements are shown in Fig. 5 . The analysis of Fig. 5 shows that in a central area of the disc, corresponding to the area of the circular cross-section of the levitation coil, the eddy current has the negative sign (it means that the direction of induced eddy current flow is opposite to the flow direction in the levitation coil) due to the significant contribution of the ac magnetic field generated by this coil. While, outside of this area, a sign becomes positive due to the ac magnetic field of the stabilization coil. Now let us present the obtained result in the vector form through unit vectors e x 1 and e x 2 of the base e x . Taking the numerical gradient of the (71 × 71) 2D matrix, I with respect to the rows and columns, the components in the form of the (71 × 71) 2D matrixs of I 1 and I 2 relative to the unit vectors e x 1 and e x 2 are calculated, respectively. Then, the (71 × 71) 2D matrix of magnitudes of the eddy current for each mesh point is estimated by I 1 2 + I 2 2 . The result of estimation is shown in Fig. 7 . Fig. 7 depicts that maximum magnitudes of eddy current are concentrated along the edge of the disc and in its central part along the circle having the same diameter as the levitation coil. This result is similar to one obtained by Lu in work [28] , where the induced eddy current in a disc levitated by two coils with the similar design was simulated by COMSOL software. Both results provide the reason and applicability of the approximation based on a two eddy current circuits, for the analysis of HLMAs with an axially symmetric design, which was proposed in [34] and successfully used for the study of their stability and dynamics.
V. ANALYTICAL MODEL OF STATIC LINEAR PULL-IN

ACTUATION
In this section, the approximation of induced eddy current within the disc based on two eddy current circuits is applied to model the linear pull-in actuation in HLMA with the design under consideration. Scheme for modelling is shown in Fig.  8a ). Due to particularities of the HLMA design, a radius of the I 1 circuit is equal to 1 mm, while a radius of the I 2 circuit Electrodes U + - Fig. 9 . The simplest scheme for preliminary analysis of obtained models: U is the potential applied to electrodes, h is the space between an electrode plane and equilibrium point of proof mass, h l is the levitation height between a plane of coils and equilibrium point of the disc.
is restricted by the radius of disc equaling to 1.4 mm. Let us examine the field distribution around these two circles of eddy current circuits. Since the design is axially symmetric, it is enough to consider some areas such as denoted by A and B as shown in Fig. 8a) cutting, for instance, on the X 3 -X 2 plane and crossing the I 1 and I 2 circuit, respectively. Mapping the field in the A and B area shows that the force acting on the I 1 circuit determined by the corresponded gradient of the field is directed vertically and lifts up the disc, while the force acting on the I 2 circuit has almost horizontal direction and pushes the disc toward the center as presented in Fig.8b ) and c), respectively. Noting that the names of coils as levitation and stabilization coil reflect their functionalities coming form the field analysis conducted above. It can be assumed that for a diameter of disc equaling to 2.8 mm the influence of the I 2 circuit on the linear pull-in actuation is small and can be neglected. Thus, modelling of the linear pull-in actuation is reduced to the force interaction between the currents in the levitation coil and the I 1 circuit. Then, the behavior of the disc along the X 3 axis can be described as follows [40] :
where U is the applied voltage to the electrodes (namely, electrode 1 and 2 shown in Fig. 3b) ), which have the same area of A e , A 0 = ε 0 A e , ε 0 is the permeability of free space, h is the space between the electrode surface and the origin of the coordinate frame {x k } (k = 1, 2, 3) measured along the X 3 axis. For this particular case, the mutual inductance, M , can be defined by the Maxwell formula [41, page 6] such as
where µ 0 is the magnetic permeability of free space, R l is the radius of levitation coil, K and E are complete elliptic integrals of the first and second kind, respectively [42] . For further analysis, model (12) is presented in the dimensionless form as follows
From Eq. (14), the static pull-in model is
where the η constant can be defined at equilibrium state of the system, when λ and β are zero, as follows
and
VI. QUASI-FEM OF STATIC LINEAR PULL-IN ACTUATION
The quasi-FEM model of the static linear pull-in has a similar form to (12) . The difference arises due to the fact that the magnetic interaction between the disc and coils along the X 3 axis is defined by the force F 3 from Eq. (10). Hence, taking into account this fact, the quasi-FEM model becomes
Now, we present Eq. (17) in dimensionless from: 
is the scaling factor, ∂M sj /∂λ is the derivative of dimensionless mutual inductance with respect to λ (its definition is shown in Appendix A), x 1 = x 1 /R e and x 2 = x 2 /R e are the dimensionless coordinates. Noting that x 1 and x 2 are defined by Eq. (11) .
The static pull-in model based on quasi-FEM (18) is
where similar to (16) the η 0 constant is also defined at equilibrium state as follows
VII. PRELIMINARY ANALYSIS OF DEVELOPED MODELS
It is obvious that if the magnetic field gradient in the B area around the I 2 circuit of eddy current within the disc and corresponding force is directed almost horizontally (see Fig.  8c )), then the estimation of pull-in parameters by means of the analytical model (15) becomes close to the exact calculation performed by the quasi-FEM (19) . This fact indicates that the application of the analytical model requires the knowledge about the gradient of the magnetic field in the B area of a particular design under consideration.
On the other hand, due to design particularities of HLMA there are some particular cases, which can be immediately Quasi-FEM (19) Analytical model (15) Simplified model (21) Pull-In a)
Field in the B area meters meters b) Fig. 13 . Pull-in actuation of the 3.2 mm diameter disc: a) equilibrium curve of the square voltage vs displacement (absolute value of λ); b) the map of the magnetic field (blue arrows) and its corresponded gradient (black arrows) within the B area build on the X 3 -X 2 plane around the I 2 circuit. treated by the model (15) presenting a solution in simple analytical equations. In turn, these simple equations are convenient for the practical application. For instance, let us consider such a particular case, which takes place when dimensionless parameter κ is small. From physical point of view, it means that the redistribution between energy stored within the electrical field of capacitors and energy stored within magnetic field of coils and levitated disc occurs by changing the location of electrodes along the X 3 axis and, in particular, the electrodes are located closer to the levitated disc. This fact leads to the possibility of a linearization of the magnetic force in the analytical model (15) . Thus, we can write the following simple model of static pull-in actuation as
From the later model, the pull-in parameters can be estimated to be λ p = − 1 3 , β p = ln(4/ξ) − 1 ln(4/ξ) − 2 κ 4 27 .
Now let us apply the obtained models, namely, (15), (19) and (21) to the design shown in Fig. 9 and consists of two circular plane coils having radii of 1.0 mm and 1.9 mm for levitation and stabilization coil, respectively. The disc is levitated at height, h l , of 250 µm, while the electrodes are placed at a point measured from the equilibrium point O of the disc along the X 3 axis on a distance, h, of 10 µm. Hence, the dimensionless parameters of the design become κ = 0.04 and ξ = 0.125. Then, according to Eq. (22) the square dimensionless pull-in voltage can be calculated and becomes β p = 1.4930 4 27 = 0.01. The modelling is performed for a disc with the following radii: 1.2, 1.55 and 1.7 mm. Fig.  10 depicts the 3D scheme for simulation. The disc is meshed by 3993 circular elements. The three equilibrium curves of pull-in actuation for a disc having a diameter of 1.55 mm calculated by models (15) , (19) and (21) are shown in Fig. 11a ). Results of estimation of pullin parameters are summed up in Table I . The simulation shows that the pull-in displacement (in absolute value) is λ p = 0.34 and the pull-in voltage is β p = 0.0995. The relative errors of estimation of pull-in parameters by means of the analytical models do not exceed 5 % (please see Table I ). Noting that the map of gradient of the magnetic field in the B area is directed almost horizontally as shown in Fig.11b ). Hence, the contribution of electromagnetic force due to interaction between the magnetic field and the I 2 circuit to the pull-in actuation is small. Fig. 12a ) shows the equilibrium curve of pull-in actuation for a disc having a diameter of 2.4 mm, which is simulated by quasi-FEM (19) . Since the analytical models (15) and (21) are independent of a radius of the levitated disc, the results of modelling are the same as presented in Fig.11a) and Table  I . The simulation predicts the following values of the pull-in parameters such as λ p = 0.34, β p = 0.01653, β p = 0.1286,
where the dimensionless displacement λ p is given in absolute value. Although, the pull-in displacement has the same value as in the previous example, the main difference appears in the estimation of the pull-in voltage, which is increased due to Normalized voltage, V Fig. 16 . Pull-in actuation of disc having a 2.8 mm diameter: a) experimental measurement of applied voltage vs linear displacement [19] ; b) normalized voltage vs dimensionless displacement: measurement data together with equilibrium curves generated by quasi-FEM and analytical one. the contribution of the electromagnetic force exerted on the I 2 circuit as shown in Fig. 12b ). As a result, the relative error of the calculation of pull-in voltage by means of the analytical models is also increased drastically to 30 %.
In the case of the 3.4 mm diameter disc, the equilibrium curve simulated by quasi-FEM (19) is shown in Fig. 13a ). The simulation predicts the following pull-in parameters such as λ p = 0.34, β p = 0.009, β p = 0.0949.
In this case, the calculation of pull-in voltage by means of analytical models shows that the relative error is around 5 %.
As seen, the value of the pull-in voltage is decreased due to the electromagnetic force acting on the I 2 circuit, which has a vertical component directed against the levitation force as shown in Fig. 13b ).
Noting that in all three cases considered above, the map of the magnetic field and the corresponded gradient in the A area is similar to the map shown in Fig. 8b ).
VIII. COMPARISON WITH EXPERIMENT
Now let us compare the results of simulation and modelling generated by the quasi-FEM and analytical model, respectively, with experimental data reported in [19] , [39] for linear pull-in actuation performed by two discs having diameters of 2.8 and 3.2 mm in the prototype of HLMA presented in Sec. III. Also, we added new experimental data collected in the same prototype for the 3.2 mm diameter disc and a lighter disc of a 2.4 mm diameter.
A. A light disc of a 2.4 mm diameter Fig. 14a ) shows the result of the measurement of applied voltage to the electrodes 1 and 2 (see, Fig.3b )) against the displacement of the disc having a 2.4 mm diameter. The disc was levitated at a height of 100 µm metering from the electrode plane and its displacement was measured by the laser sensor. The pull-in actuation occurred at a height of 75 µm corresponding to the pull-in displacement of 35 µm upon applying 38 V to the electrodes. Fig. 14b ) shows the comparison of equilibrium curves generated by quasi-FEM (19) and analytical model (15) with experimental measurement in normalized voltage. For the simulation, the 3D geometrical scheme as shown in Fig. 6 with same dimensions for coils are used. The disc is meshed by 3993 elements as shown in Fig. 4 . The modelling is carried out with the following dimensionless parameters: ξ = 0.09 and κ = 0.55. Analysis of Fig. 14b ) depicts a good agreement between both developed models itself. In particular, both models predict the same value of the pull-in displacement. Only, we see a slight difference between the shapes of the curves after the pull- in point. Also, both models in terms of normalized values are in good agreement with experiment. However, the comparison in terms of dimension values shown in Fig. 15 reveals that the analytical model gives a relative error, which is around 16 % in estimation of the pull-in voltage.
B. Disc of a 2.8 mm diameter Fig. 16a ) presents the result of the measurement of pull-in actuation of the disc having a 2.8 mm diameter, which was obtained in our work [19] . The disc was levitated at a height of 120 µm measuring from the electrode plane. The pull-in actuation occurred at a height of 77 µm corresponding to the pull-in displacement of 43 µm upon applying 60.8 V to the electrodes. The simulation is performed in a similar way as it was discussed in the previous section VIII-A. The difference is only in a size of diameter of the disc and a levitation height. For modeling, the following dimensionless parameters, namely, ξ = 0.1 and κ = 0.6 are used. Comparison of both models in normalized values as shown in Fig. 16b ) depicts a difference between the pull-in displacements predicted by quasi-FEM (19) and analytical model (15) . The analytical model (15) gives a relative error, which is around 2 % in estimation of the pull-in displacement. Also, there is a slight difference between the shapes of the curves after the pull-in point, similar to the previous result. Conducting the analysis in terms of dimension values as shown in Fig. 17 , the relative error of around 13 % produced by the analytical model in the calculation of the pull-in voltage can be recognized.
C. Disc of a 3.2 mm diameter
The result of the experimental investigation of the pullin actuation in the presented prototype of HLMA with the disc of a 3.2 mm diameter was discussed and reported in our work [39] . Measuring from the electrode plane, the disc was levitated at a height of 107 µm. Fig. 18a ) shows the measurement of applied voltage to the electrodes against the disc linear displacement along the vertical axis. The pullin actuation occurred at a height of 71 µm corresponding to the pull-in displacement of 36 µm upon applying 65 V to the electrodes. The results of simulation and modelling are shown in Fig. 18b ) in the normalized values. The analysis of Fig.  18b ) reveals a slight shift on the right of the equilibrium curve generated by the analytical model (15) with respect to the curve modeled by the quasi-FEM (19) .
Hence, this shift corresponds to the 13.5 % relative error in calculation of the pull-in displacement by the analytical model. The relative error produced by the analytical model in estimation of the pull-in voltage is calculated to be 30 % as follows from the analysis of the results of simulation and modelling in dimension values shown in Fig. 19 .
In addition we add new data of measurement of the pullin actuation performed by the same disc, which was levitated at a height of 64 µm. The result of measurement of applied voltage against the linear displacement of the disc is shown in Fig. 20 . The pull-in actuation occurred at a height of 46 µm corresponding the pull-in displacement of 18 µm upon applying the pull-in voltage equal to 32 V. Similar to Fig. 18b ), the equilibrium curve generated by the analytical model has a slight shift on the right relative to the curve generated by the quasi-FEM as shown in Fig. 20b ). This shift corresponds to the 9 % relative error given by the analytical model in the estimation of the pull-in displacement. Comparing in terms of dimension values as shown in Fig. 21 , the relative error of around 28 % produced by the analytical model in the calculation of the pull-in voltage is appeared.
The all results of measurements and modelling of the pullparameters including related particularities of the experiments and values of dimensionless parameters for modelling are summed up in Table. II.
IX. DISCUSSION AND CONCLUSION
In this work, the quasi-finite element method to model the static and dynamic behavior of electromagnetic levitation micro-actuators based on the Lagrangian formalism has been developed. The particularity of obtained quasi-finite element method is the combination of finite element manner to calculate induced eddy current within a levitated micro-object and the set of six differential equations describing the behavior of mechanical part of electromagnetic levitation system. Using a circular filament as a finite element for meshing the levitated micro-object, on the one hand, allows to covering any shapes of the micro-object levitated by a system of wire-loops. On the other hand, it allows to reducing the calculation of the mutual inductance between the system of arbitrary shape wire loops and the levitated micro-object to a line integral as it was shown by Kalantarov and Zeitlin. As a result, static and dynamic characteristics of an electromagnetic levitation system including the analysis of its stability can be calculated and studied.
In particular, the developed method was applied to study static pull-actuation performed by the hybrid levitation microactuator. In general, the pull-in parameters of HLMA are a nonlinear function of its design due to the magnetic field generated by coil currents. However, the developed model allows us to calculate accurately the pull-in parameters of HLMA for different diameters of disc levitated at different heights. The pull-in parameters are gathered under the following condition. Namely, disc is meshed by 3993 elements and coils are represented by 32 circular filaments. The time of calculation of one point was about 120 s. For building equilibrium curve, fifteen points were used. The comparison of simulation results generated by the model (19) based on quasi-finite element method with the experiment shows a good agreement between the theory and measurement. This fact confirms the efficiency of the developed method.
At the same time, the analytical model (15) based on the approximation of induced eddy current within the disc by one eddy current circuits was proposed as a result of the analysis of the distribution of the eddy current and the magnetic field generated by coil currents. Although, the effective use of the analytical model requires the knowledge about the gradient of the magnetic field of a particular design under consideration. However, arising some particular cases, for instance, when electrodes, to generate electrostatic force acting on the disc, located very close to the disc bottom surface (dimensionless parameter, κ, is small, less than 0.1), the simple analytical equation (21) for estimation of the pull-in parameters with errors not exceeding 5 % can be obtained.
APPENDIX A THE DERIVATIVE OF DIMENSIONLESS MUTUAL INDUCTANCE WITH RESPECT TO λ
Due to the particularity of the problem, namely, there is no angular misalignment between a circular element and a coil. Hence, the original formula for calculation of the mutual inductance between two circular filaments based on the Kalantarov-Zeitlin approach [31] in a dimensionless form can be rewritten as follows:
wherē ρ = 1 + 2(x 1 · cos ϕ + x 2 · sin ϕ) + x 2 1 + x 2 2 ;
where K(k) and E(k) are the complete elliptic functions of the first and second kind, respectively;
where ν j = R e /R cj , R cj is the radius of the j-coil filament, x 1 , x 2 and x 3 are the components of the radius vector r in base e z (see Eq. (11)). The derivative of dimensionless mutual inductance with respect to x 3 is ∂M sj ∂x 3 = 1 π 2π 0 1 + x 1 · cos ϕ + x 2 · sin φ ρ 1.5 Φ(k)dϕ, (29) where
Substituting x 3 = λκχ into Eq. (29), the desired equation for the derivative of dimensionless mutual inductance with respect to λ is derived.
